




































































































































Aero-Mechanical Coupling in a High-Speed Compressor 68

X [mm]

Y
 [m

m
]

 

 

−20 −10 0 10 20 30 40

−10

−5

0

5

10

15

0

0.5

1

1.5

Normalized velocity magnitude

(a) M ≈ 0.41

X [mm]

Y
 [m

m
]

 

 

−20 −10 0 10 20 30 40

−10

−5

0

5

10

15

0

0.5

1

1.5

Normalized velocity magnitude

(b) M ≈ 0.51
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Figure 51: Average flow field at 84% span for the Aluminum blade at α0 = 0.5o without an end-wall. Every 4th vector

is shown for clarity.
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Figure 52: Average flow field vorticity at 84% span for the Aluminum blade at α0 = 0.5o without an end-wall. Every 4th

vector is shown for clarity.
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Figure 53: Equivalent linear damping ratio of the aluminum blade as a function of static pressure. ⊲ - Mode 1, ◦ - Mode

2.

described for a single degree of freedom mass-spring-damper system as

χ =
ς

2
√

κµ
. (51)

ς represents the viscous damping, κ is the system stiffness and µ the system mass. χ expresses the rate at which a

disturbance grows (χ < 0) or decays (χ > 0). Note that this approach implicitly assumes that the response of the system

is linear. There are three primary contributions to χ. They are damping due to energy dissipation within the blade

material (internal damping), damping associated with the parts to which the blade is mechanically attached (structural)

and aerodynamic damping. The characterization of these three sources of damping will be addressed in this section.

The internal and structural damping ratio was estimated in the following manner. The response of the blade to an

impulse load was filtered to isolate the mode of interest. A Hilbert transform (Bendat and Piersol (2000)) was performed.

A linear curve fit was then applied to the logarithm of the magnitude of the transform. The slope of the curve fit yields

the product 2πfχ. Thus, the damping ratio χ is obtained if the frequency of oscillation (f) is known.

The damping ratio of the aluminum blade in quiescent air was investigated. The blade was attached to a steel

block whose mass was O(102) greater than the blade itself. The steel block and impulsive loading mechanism were placed

within a vacuum chamber. The structural response was measured using the single point LDV. Figure 53 displays the

damping ratio for the first two modes as a function of static pressure. The effect of increasing static pressure yields a

minor increase in the damping ratio. The increase is slightly larger in mode 1 than in mode 2. However, the damping

ratio for both modes is extremely small. This result is consistent with the results of Kielb and Abhari (2003). A cubic

polynomial was fit to the data to determine the internal damping of the structure. The internal damping was assumed

to be the damping of the blade in a complete vacuum.

The contribution of the blade mount depicted in figure 31(b) to the equivalent damping ratio was also investigated.

The damping ratio was estimated using both steel and aluminum blades at all three angles of attack investigated in

the previous section. The results, averaged over all three angles, are presented in table 4. The internal damping of the
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χ

Material/Source Mode 1 Mode 2

6061-T6 AL, internal 2.7 × 10−4 ± 2.5 × 10−6 3.9 × 10−5 ± 5 × 10−7

6061-T6 AL, mount 6.8 × 10−3 ± 2.9 × 10−3 6.8 × 10−4 ± 1.4 × 10−4

A2 Tool Steel, mount 8.8 × 10−3 ± 3.1 × 10−3 8.4 × 10−4 ± 3.4 × 10−4

Table 4: Comparison of internal damping to structural damping for both blades investigated.

aluminum blade is presented for comparison. The mount increased the estimated damping by an order of magnitude

for both modes. The damping was independent of blade material, which suggests that it was due to the assembly

on which the blade is attached. The increase in the number of contact surfaces is thought to be responsible for the

observed increase in χ. There were three major interfaces between the blade and the “ground”‡. These were (cf. figure

31(b)) blade to rotatable mount, rotatable mount to test section wall and test section wall to ground. In contrast, the

assembly used to produce the results shown in figure 53 consisted of one interface: blade to ground. The increase in the

number of interfaces between the vibrating blade and “ground” and the corresponding increase in damping ratio implies

that Coulomb damping (from friction between two sliding surfaces) increased substantially. It should be noted that the

increase in damping due to the mount results in a mechanical system which was lightly damped.

The aerodynamic damping of the blade was estimated using the random-decrement technique. This technique

can estimate the impulse response function of a single degree of freedom system subject to random excitation. The

mathematical theory of the technique was described by Vandiver et al. (1982). The approach used in this study can

be described as follows. The steady response of the blade was band-pass filtered to isolate each mode. The data were

then split into segments 4 cycles of vibration long. The beginning of each segment had to have an amplitude greater

than 2 × [σζ ]p and a nearly zero slope. This ensured that the beginning of each segment corresponded to a peak in

the vibratory amplitude. These segments were averaged together to obtain the “Random decrement signature”. Using

the assumptions of stationarity, this signature provides an estimate of the impulse response function. The damping

ratio was estimated from this impulse response function using the Hilbert analysis described previously. The structural

damping was subtracted to yield the damping due to unsteady aerodynamic forces. This can be considered to represent

the damping which would be observed for small perturbations (such as a gust advecting over the blade) to the steady

aeroelastic system.

An example of a “Random decrement signature” is presented in figure 54 for the aluminum blade without an

end-wall at two different Mach numbers. It can be seen that the signature for each mode is time-resolved and can be

approximated by a decaying sinusoid. Visual inspection of the signatures revealed that the damping ratio is small but

non-zero. An increase from M ≈ 0.4 to 0.6 increased the damping ratio for the first mode, but decreased the damping

ratio for the second.

The damping ratio of the blade without an end-wall as a function of angle of attack and Mach number can be seen

in figure 55 for the first mode. There are several features which should be noted. First, at M < 0.45, the aerodynamic

damping was negative for all α0 investigated. The stability of the system was maintained by the structural damping.

‡Here, ground is used to indicate an object whose mass was sufficiently large such that any vibration transmitted to it from the blade

induces negligible motion.
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(b) M ≈ 0.60

Figure 54: “Random decrement signature” for the Aluminum blade at α0 = 5.2o for two Mach numbers and without an

end-wall. − • − Mode 1; − • − Mode 2.
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Figure 55: Estimated total damping ratio for the first mode of vibration of the blade in a uniform jet without an end-wall.

⊲ – α0 = 0.8o, ◦ – α0 = 5.2o, � – α0 = 10.10

It should be noted, however, that the aerodynamic damping was of a similar magnitude as the internal damping of the

Aluminum blade. It can be concluded that for this blade at these flow conditions, the fluid was a source of excitation.

The observed damping below M ≈ 0.55 did not vary much when the angle of attack was varied, but was sensitive to

the Mach number. The angle of attack produced significant changes in the observed damping when the flow speed was

greater than M ≈ 0.55. A decrease in damping ratio was observed at M ≈ 0.6 when the angle of attack was increased

from α0 = 0.8o to 5.2o. However, a further increase to α0 = 10.1o increased the damping ratio by a factor of 2. Recall

that the mean-squared modal amplitude increased as the angle of attack was increased at this flow condition. A decrease

in the damping can result in an increase in the magnitude of the response. However, the increase in damping along with

the increase in modal amplitude which was observed as α0 was increased to 10.1o suggest that a significant change in

the aeroelastic interactions occurred.

The effect of increasing the blade stiffness produced noticeable changes in the damping ratio. The damping ratio

for the steel blade increased when the Mach number was increased, but the overall trend was different from that observed

for the Aluminum blade. Note that for α0 ≥ 5.2o and M ≤ 0.55, the aerodynamic damping was negative. However,

structural damping was sufficient to ensure that the system was stable. The increase in damping with Mach number
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(b) Steel blade

Figure 56: Estimated total damping ratio for the second mode of vibration of the blade in a uniform jet without an

end-wall. ⊲ – α0 = 0.8o, ◦ – α0 = 5.2o, � – α0 = 10.10

when the blade was at α0 = 10.1o was qualitatively similar to that observed for the Aluminum blade, but smaller in

magnitude. A similar trend was observed for α0 = 5.2o, but the effects of increased stiffness were not as pronounced.

The largest change in damping ratio occurred for α0 = 0.8o. An increase in blade stiffness resulted in positive estimates

of [χA]1 over all Mach numbers investigated. The variation of [χA]1 with Mach number at this angle of attack was

altered with an increase in blade stiffness. It can be observed that the aerodynamic damping decreased slightly when

the Mach number was increased from M ≈ 0.53 to 0.6. The overall effect of an increase in blade stiffness was to reduce

the dependence of [χA]1 on the Mach number.

The aerodynamic damping for the second mode can be seen in figure 56. The Mach number and angle of attack

had a large influence on the damping for the aluminum blade. A decrease in damping was observed for α0 = 0.8o when

the Mach number was increased. Note that at M ≈ 0.6, the aerodynamic damping is nearly zero. An increase in α0

to 5.2o increased the aerodynamic damping at all Mach numbers investigated. However, there was a larger reduction in

the aerodynamic damping as the Mach number was increased. A further increase in α0 resulted in negative aerodynamic

damping for all Mach numbers observed. The damping decreased with Mach number, however the magnitude of this

decrease was small.

An increase in the blade stiffness resulted in significant changes in the aerodynamic damping. Specifically, the

effects of α0 and M were greatly reduced. In addition, [χA]2 was much smaller for α0 ≤ 5.2o. It can be observed that

at α0 = 0.8o, the damping was nearly zero at M ≈ 0.4 and became negative as the Mach number was increased. An

increase in α0 to 5.2o resulted in an increase in [χA]2 over all Mach numbers investigated. A peak was observed at

M ≈ 0.53. The size of this peak increased when the angle of attack was increased to 10.1o. However, [χA]2 was reduced

at this angle of attack when M ≈ 0.4 and 0.6.

The effect of an end-wall on the estimated aerodynamic damping was investigated using the Aluminum blade at

α0 = 5o. The variation of [χA]p as a function of Mach number can be seen in figure 57. Note that no damping ratio

estimates were reported in the vicinity of the observed aeroelastic resonance, because the forcing could no longer be

considered broad-band. This violated a key assumption of the Random Decrement technique, and results in erroneous

damping ratio estimates.

It can be observed that the aerodynamic damping was negative for the first two modes at Mach numbers below
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Figure 57: Estimated linear damping ratio for the aluminum blade as a function of Mach number. Note that the end-wall

was present and α0 = 5o. ⊲ [χA]1; ◦ [χA]2.

approximately 0.45. The total damping was positive due to the large structural damping. The increase in [χA]1 was

nearly linear with respect to Mach number up to M ≈ 0.6. In contrast, at Mach between 0.7 and 1.0, [χA]1 oscillated.

Local maxima in the oscillation occurred at M ≈ 0.8 and 0.95, whereas local minima could be observed for M ≈ 0.72

and 0.87. The origin of the spike in AD1 at M ≈ 0.6 is currently unknown. However, it is interesting to note that the

magnitude is similar to the aerodynamic damping estimated for the Aluminum blade without an end-wall at similar α0

and M.

The dependence of [χA]2 on the Mach number differed from the trends observed for [χA]1. The magnitude of [χA]2

in the interval 0.1 ≤ M ≤ 0.3 was nearly constant except for a spike at 0.1 ≤ M ≤ 0.2. With the exception of the spike

[χA]2 < 0 over this range. A sudden increase in the magnitude of the damping was observed at M ≈ 0.35, followed

by another plateau in the magnitude of [χA]2. A spike was observed at M ≈ 0.6, which suggests that the increase in

estimated damping for both modes was similar. Finally, it should be noted that the aerodynamic damping at M > 0.7

oscillated. The local maxima and minima occurred at similar Mach numbers as those observed for [χA]1. Note however

that there was a significant decrease in [χA]2 at M > 0.95.

A comparison with the mean-squared modal amplitude 48 suggests the following. The increase in the modal

amplitudes observed at low Mach numbers were due to an increase in the aerodynamic forcing. Note that within this

range, all of the energy was dissipated by mechanical friction associated with the blade mount. There was a slight

decrease in the slope of
[

σ2

ζ

]

1
at M ≈ 0.5, which coincided with positive aerodynamic damping. No such change in

slope was observed for the second mode, presumably due to the negative aerodynamic damping at these flow speeds.

The fluctuations in [χA]1 and constant
[

σ2

ζ

]

1
over 0.7 ≤ M ≤ 0.9 suggest that there were significant fluctuations in

the aerodynamic excitation over this range of flow speeds. The decrease in
[

σ2

ζ

]

1
at Mach numbers larger than 0.85

correlated very well with the observed increase in [χA]1 over the same range. In contrast, the response and aerodynamic

damping for the second mode over this range were not strongly correlated. It should be noted that the total damping

over this range was between 0.005 and 0.015, which suggests that the structural damping may have been important in

determining
[

σ2

ζ

]

2
at this set of flow conditions.
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Figure 58: Estimated linear damping ratio of the first two modes vibration for the Aluminum blade in a uniform jet as

a function of Mach number and zero flow angle of attack. ⊲ – α0 = 0.8o, ◦ – α0 = 5.2o, � – α0 = 10.10. (a) Mode 1.

(b) Mode 2.
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Figure 59: Estimated linear damping ratio of the first two modes vibration for the Steel blade in a uniform jet as a

function of Mach number and zero flow angle of attack. ⊲ – α0 = 0.8o, ◦ – α0 = 5.2o, � – α0 = 10.10. (a) Mode 1. (b)

Mode 2.
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Figure 60: Two examples of an abrupt, transient reduction in impulse response amplitude for the Steel blade at α0 = 0.8o

and M ≈ 0.44.

4.4.4 Response to a mechanical impulse

The structural response of an aeroelastic system can yield insight regarding the stability of the steady response to

disturbances. The aeroelastic mechanisms which drives the system back to a state of equilibrium also reveal paths by

which energy is removed from the system for a given set of flow parameters. In certain circumstances, a second stable

equilibria has been revealed when the system is disturbed Schewe et al. (2003). Therefore, it is valuable to consider the

response of the aeroelastic system to a disturbance.

The system was disturbed by applying an impulsive load to the blade using the mechanism shown in figure 32. The

response of the blades to this load as a function of Mach number, reduced frequency and zero-flow angle of attack was

investigated. The response was characterized by the equivalent linear damping ratio. The damping ratio was estimated

using the same approach which was used to characterize the structural and internal damping. However, the impulse

response function was truncated to include the response up to the point where the vibration amplitude had decayed

to 1/2 the initial amplitude. This was done to differentiate between the vibration induced by the steady flow and the

response due to the impulse. Figure 58 presents the estimated linear damping ratio for the Aluminum blade, while figure

59 presents the damping ratio for the Steel blade. Each data point represents the average from a 10 impulse response

tests.

The data exhibit significant scatter. This is due, in part, to difficulties encountered in defining the extent of the

structure’s impulse response and the response due to aeroelastic excitation from the steady flow. In addition, it was

found that the blade vibration amplitude would be briefly reduced nearly to zero at random points in the response.

After such an event occurred, the blade would become re-excited and continue in a manner consistent with the original

impulse-response. An example of this behavior is shown in figure 60 for the second mode response of the steel blade at

α0 = 0.8o and M ≈ 0.44. The blade appeared to follow the same trajectory with respect to the envelope of decay after

the amplitude was suddenly reduced. The duration of this reduction was usually a few cycles occurred at random points

in the response.

The following trends can be observed. The presence of fluid moving over the blade resulted in a significant increase

in the damping ratio, [χI ], for both modes. Presumably, this is due to the transfer of structural vibration energy into

vortical disturbances in the fluid. There are few statistically significant changes in the damping ratio due to either α0

or M for the first mode response of the Aluminum blade. However, the highest observed value of [χI ]1 at a given Mach
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M ≈ 0.44 M ≈ 0.54 M ≈ 0.6

Figure 61: Aluminum impulse response for α = 0.8o

number consistently occurred at α0 = 5.2o. An increase in blade stiffness resulted in an increase in χ for the first mode

response at α0 = 0.8o and M ≈ 0.44. Furthermore, the damping ratio at this angle was consistently higher than at

α0 = 10.1o and appeared to have a similar dependence with respect to Mach number. The damping ratio for the second

mode response showed little dependence on either Mach number, α0 or blade stiffness.

The time-dependent impulse response of the blades, filtered to isolate the modes of interest, are presented in figures

61 - 63. Three cases were selected which best elucidate the dynamic response of the blade subject to a mechanical

impulse and flow excitation. It should be noted that the impulse response functions for α0 not presented here display

qualitatively similar behavior.

The response of the Aluminum blade to an impulse as a function of Mach number for α0 = 0.8o is presented in

figure 61. The damping was positive for all combinations of α0 and M, indicating a stable aeroelastic system. The blade

exhibited an increase in damping for the first mode response as the Mach number was increased. The blade never stopped

vibrating during the response. It was observed that at low Mach numbers and low α0, the blade impulse response would

decay to the original steady amplitude. This was observed for conditions where the intermittency of the steady vibration

was low. However, at higher Mach number and α0 the blade vibration would decay to an amplitude significantly lower

than the steady value. Once it had reached this point, the flow would re-excite the structure up to the steady vibration

amplitude. This is shown for α0 = 0.8o and M ≈ 0.54 and 0.6 for the first mode. This type of response was also observed

for the second mode.

The impulse response functions for the Aluminum blade at α0 = 10.1o are shown in figure 62. The dependence

of [χI ]1 on Mach number and reduced frequency was not a strong as was observed for α0 = 0.8o. The response for the

second mode was qualitatively similar between the two α0. In addition, the decay of the response for the first mode at

high Mach number showed a similar under-shoot and re-excitation as was observed at α0 = 0.8o. This suggest that the

mechanism which causes this response is weakly dependent on α0.

The effect of increased blade stiffness at α0 = 0.8o on the impulse response is shown in figure 63. The damping

in the first mode response showed a noticeable increase. In addition, it was found that [χI ]1 was weakly dependent on

Mach number. The impulse response in the second mode was qualitatively similar to the Aluminum blade at the same

Mach number.
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Figure 62: Aluminum impulse response for α = 10.1o
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Figure 63: Steel impulse response for α = 0.75o
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4.5 Summary

The dynamics of a cantilevered blade in a high Mach number flow were presented. The effect of Mach number, reduced

frequency, angle of attack, blade stiffness and the presence of an end-wall were investigated. Three aspects of the system

were considered: the steady response to a uniform flow, the aerodynamic damping associated with this steady flow and

the transient response due to a mechanical impulse.

The steady response of the blade in the first mode to a uniform flow without an end-wall was found to have a strong

dependence on all parameters investigated. Specifically, it was found that the dependence of ζ on Mach number and

reduced frequency was strongly dependent on the zero-flow angle of attack and blade stiffness. The response appeared

to become independent of α0 at angles above 5o and Mach numbers above 0.54 for both blade materials investigated.

In addition, the largest response at all Mach numbers investigated occurred when α0 = 5.2o. These observations were

consistent between blades of differing stiffness. There was a quasi-periodic amplitude modulation of the first mode

response at these flow conditions. The frequency of this amplitude modulation increased with increasing Mach number

and decreasing reduced frequency. These observations suggest that the structural excitation may be due to a region of

separated flow whose location on the blade surface varies with time. It is thought that the frequency at which vorticity is

shed from the separated flow is related to the frequency of the observed amplitude modulation. However, detailed fluid

measurements are necessary to confirm this hypothesis.

The response in the second mode was also dependent upon both α0, Mach number and reduced frequency. The

mean-squared amplitude of the response showed a similar dependence on stiffness as was observed for the first mode

response. However, the lowest response for a given Mach number was consistently found to be at α0 = 5.2o. The

time-dependent structural velocity was found to be highly intermittent for this mode.

An analysis of the flow field about the Aluminum blade at 84% span was performed using PIV. The blade angle of

attack was fixed at α0 = 0.5o and no end-wall was present. The analysis revealed a region of flow separation which may

have had a significant contribution to the observed blade response at low α0.

The effect of an end-wall was investigated at a single angle of attack for the Aluminum blade. A large range of

Mach numbers were investigated. It was discovered that the presence of an end-wall reduced the mean-squared modal

amplitude by nearly an order of magnitude for the first two modes in the range of 0.4 ≤ M ≤ 0.6. An aeroelastic

resonance was discovered at M ≈ 0.65. This resonance resulted in large amplitude excitation of both modes.

The damping of the blade was investigated. The magnitude of internal (material) damping and structural damping

were quantified using an impulsive loading mechanism. The aerodynamic damping was estimated using the Random

Decrement method for a range of Mach numbers, angles of attack, blade stiffness and for the presence of an end-wall.

The aerodynamic damping in the first mode for the Aluminum blade showed a strong dependence on Mach number

and relatively little dependence on angle of attack. An increase in blade stiffness reduced the aerodynamic damping for

this mode. It was discovered that the aerodynamic damping for the second mode was strongly influenced by the Mach

number and blade stiffness. The aerodynamic damping for the aluminum blade was reduced when the Mach number

was increased for α0 ≤ 5.2o. An increase in blade stiffness resulted in a decrease in the aerodynamic damping and its

dependence on Mach number.

The influence of an end-wall on the aerodynamic damping was also investigated. It was found that the end-wall

reduced the aerodynamic damping. Furthermore, it was revealed that the aerodynamic damping for both modes was
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slightly negative at M ≤ 0.4. Note that the structural damping was sufficient to ensure that the aeroelastic system was

stable. The aerodynamic damping increased with Mach number for both modes, but at Mach numbers greater than 0.7

the increase oscillated with Mach number. The local maxima and minima of the aerodynamic damping in this Mach

number range were comparable between both modes.

The response of the blade to an impulsive load was also investigated. It was found that the internal damping and

structural damping of the blade mount was negligible compared to the damping ratio. An increase in blade stiffness

increased the estimated linear damping ratio for the first mode only for α0 = 0.8o.

The damping ratio due to an impulse of the system for all the combinations of α0, blade stiffness, Mach number and

reduced frequency which were investigated was positive. The damping in the first mode increased with Mach number.

An increase in blade stiffness caused an increase in the damping ratio for the first mode at α0 = 0.8o. It was found that

at low Mach number and α0 the blade vibration amplitude due to a mechanical impulse decayed back to the steady-state

amplitude of vibration. At higher Mach number and α0, this response decayed to an amplitude significantly lower than

the steady-state value. After it had reached this point, the flow then re-excited the structure back to the steady-state

vibration amplitude.
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5 Conclusions and Future Work

The motivation for this research program was to improve the understanding of the aeroelastic phenomena which

influence the dynamics of modern compressor blades. An understanding of these phenomena will lead to more accurate

prediction of blade structural loads with improvements in compressor performance, durability and efficiency. A review

of the specific research objectives and a summary of the findings will be presented. This will be followed by a discussion

of future work.

5.1 Conclusions

The specific objectives of this research program were to develop novel measurement technology for the empirical

characterization of the aeroelastic interactions typical of modern axial compressors and to apply these technologies to

several canonical systems. The systems which were studied were designed to isolate the effects of various aspects common

to modern axial compressors, such as compressibility, three-dimensional flow and annular cascade effects. The progress

in meeting these objectives will be summarized briefly.

The novel measurement technology which was developed was termed Blade Image Velocimetry (BIV). This mea-

surement technique utilized equipment common to PIV systems and is capable of measuring both fluid and structural

velocity simultaneously. This capability is critical in the characterization of the non-linear aeroelastic system typical of

modern axial compressors because of the coupled nature of the fluid and structure. Section 2 described the fundamental

theory of the BIV technique and provided a practical demonstration of the simultaneous acquisition of fluid and structural

velocity. The practical demonstration of combined PIV and BIV linked torsional oscillations of a flat plate at a large

angle of attack to a moving separation point. A theory was proposed for the estimation of the amplitude of vibration of

a cantilevered blade using observations of the tip velocity. An analysis of measurement error was presented in which two

sources of error were considered. The first source of error was due to uncertainty in estimating the true blade velocity

when using an image correlation based approach. The magnitude of this error was related to the sub-pixel accuracy of

the correlation algorithms and the peak displacement of the blade between the two images and resulted in a positive bias

error in the modal amplitude estimate. The second error was related to the estimation of a sinusoidally varying velocity

using displacement measurements. This error was related to the time delay between the two images and the temporal

frequency of oscillation of the tip velocity. The error resulted in a negative bias in the modal amplitude estimate. The

theoretical error analysis was experimentally validated against Laser Doppler Vibrometer (LDV). Good agreement was

obtained between the theory and the experimental error.

The BIV technique was applied to a high-speed axial compressor in section 3. The unique challenges associated

with this application, such as uncertainty in estimating the magnitude of the noise and the validity of the assumptions

used in the theoretical derivation of the measurement error were discussed. An estimate of the noise in the measurement

system could be obtained from the statistics of the observed tip motion. This estimate helped to reduce the bias error

associated with the sub-pixel accuracy of the correlation algorithms. The effects of noise which was spatially correlated

to the tip motion of the blade and non-orthogonal (but linearly independent) tip modes were investigated. Both these

effects resulted in significant positive bias errors in the modal amplitude estimates. The application of the BIV technique

to a high-speed axial compressor detected low amplitude vibrations at 50% and 98% speed. In addition, the accuracy
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of the technique was investigated by varying the time between two images, ∆t. It was determined that the accuracy

improved when the ∆t was increased. The improved accuracy was related to the increase in blade displacement relative

to the accuracy of the correlation algorithms. Good agreement in the time-averaged tip speed was obtained for blade tip

displacements up to 300 pixels.

An investigation of the aeroelastic response of a canonical compressor blade in a uniform, high Mach number jet

was presented in section 4. This investigation studied the effect of Mach number, angle of attack, blade stiffness and

tip gap on the amplitude of blade vibration, the effective aerodynamic damping and the response of the system to a

mechanical impulse. The response of the blade revealed a complex interdependence on all the parameters investigated. A

summary of the general trends which were observed can be described as follows. The amplitude of the first eigen-mode of

blade vibration (first flexure) due to steady flow without an end-wall (infinite tip gap) decreased as the Mach number was

increased from 0.4 to 0.6 at moderate angles of attack for an Aluminum blade. A Steel blade (whose natural frequencies

were comparable to the Aluminum blade) reduced the variation with Mach number and the overall magnitude of the

response. The observed modal amplitude at α0 = 10.1o had a similar trend with Mach number for both blades. The

amplitude of the second eigen-mode (first torsion) increased as the Mach number was increased from 0.4 to 0.6. The

modal amplitude for the aluminum blade was sensitive to both Mach number and angle of attack, whereas the amplitude

for the Steel blade showed little variation with angle of attack at α0 ≥ 5.2o. The presence of an end-wall with a tip gap

equal to 2% of the blade chord resulted in a reduction in the amplitude of vibration for both modes at Mach numbers

between 0.4 and 0.6 when the blade angle of attack was at 5o.

The variation in aerodynamic damping with the parameters investigated can be described as follows. The damping

for the first mode for an Aluminum blade increased with Mach number for all angles of attack investigated. There was

little dependence on angle of attack at Mach numbers below M ≈ 0.5. The effect of increasing blade stiffness resulted

in a reduction of the aerodynamic damping for the first mode at large angles of attack and high Mach numbers. The

damping for the second mode of the Aluminum blade decreased with increasing Mach number at moderate angles of

attack. The aerodynamic damping showed little variation with Mach number at large angles of attack. Similar behavior

was observed at all angles of attack when the blade stiffness was increased. The effect of an end-wall decreased the

aerodynamic damping for both modes over the range of Mach numbers investigated.

The response of the aeroelastic system to a mechanical impulse was characterized using an equivalent linear damping

ratio. The damping ratio that was estimated was much larger than the aerodynamic damping ratio. This indicates that

the mechanisms of energy exchange between the fluid and structure for an impulsive mechanical load differed from those

associated with the steady flow. The effects of Mach number, angle of attack and blade stiffness could not be distinguished

due to difficulties in estimating the extent of the impulse response. Specifically, the transition from the impulse response

to the response due to steady flow could not be reliably determined using structural vibration measurements alone.

5.2 Future Work

Many of the topics which were addressed in this report are not fully understood. A brief review of some of the active

and future areas of research will be presented.
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5.2.1 Optimization of BIV

The suitability of the BIV technique in the estimation of axial-turbomachinery blade vibrations has been established.

However, there are aspects of the measurement technique which require further study. One such area is the empirical

validation of the estimated blade vibration on high-speed turbomachinery. The results presented in section 3, while

encouraging, require validation using an independent estimate of the blade vibration. Comparison of the vibration

amplitude estimates provided by BIV with the “true” blade vibration will provide insight into the issues which were

raised in section 3. In addition, verification of the BIV error-analysis is necessary to establish the technique’s reliability

in the estimation of blade vibration. This is currently an active area of research at Hessert Laboratory.

Another aspect which requires further development is optimization of the BIV technique. The results presented

in section 3 demonstrated that accurate velocity estimates could be obtained for large blade tip displacement. This

observation along with the fact that the blade tip features are invariant suggest that similar accuracy can be obtained

using a single-frame, double-exposure image recording approach. The use of a single-frame, double exposure recording

approach allows for the use of a conventional CCD camera to be used in lieu of a high-performance PIV camera.

This allows for an increase in spatial resolution which will increase measurement accuracy. The implementation and

optimization of this recording approach in the context of axial tubomachinery blade vibration measurement will be a

topic of future research.

5.2.2 Investigation of the non-linear aeroelasticity a canonical compressor blade

The response of a canonical compressor blade to a uniform flow presented in section 4 revealed a complex interde-

pendence of the blade response upon the flow Mach number, blade angle of attack, blade stiffness, and presence of an

end-wall. A thorough understanding of the interaction between the fluid and the structure is necessary to explain the

variations in steady vibration amplitude, aerodynamic damping and aeroelastic response when a mechanical impulse is

applied to the blade. Detailed measurements of both the unsteady flow field and the structural dynamics is an area of

ongoing research. An understanding of the mechanisms of energy exchange for this canonical system may provide insight

into interactions between the fluid and compressor blades at off-design conditions.

5.2.3 Investigation of adverse aeroelastic resonance on a modern axial compressor

The investigation of aeroelastic interactions present in high-speed compressors will be an area of future research.

Provisions have been made for the design and construction of a new compressor facility. This facility will be capable

of conducting fundamental research on high-speed, high pressure ratio axial compressors. The specific compressor for

which this facility is being designed is a scale model of a single stage of a civil jet engine. A strong non-synchronous

blade vibration was discovered. The investigation of the aeroelastic interactions which result in this vibration will be a

major priority. Measurement techniques such as combined BIV/PIV will be utilized in this investigation.

University of Notre Dame Center for Flow Physics and Control



Aero-Mechanical Coupling in a High-Speed Compressor 84

References

Abdel-Rahim, A., Sisto, F., and Thangam, S. (1993). Computational study of stall flutter in linear cascades. J. of

Turbomachinery, 115.

Akai, T. and Atassi, H. (1980). Aerodynamic and aeroelastic characteristics of oscillating loaded casscades at low mach

number, part 2: Stability and flutter boundaries. J. Engineering for Power, 102.

Al-Bedoor, B. (2002). Blade vibration measurement in tubomachinery: current status. Shock and vib. digest, 34(6).
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A DERIVATION OF THE STATISTIC τ

This section present the details of the simplification of the statistic

τ ≡ 1

N

s
∑

n=1

1

M − 1

M
∑

i=1

(

Υ− 1
1

M

M
∑

i=1

Υ

)(

ΥT − 1

M

(

M
∑

i=1

ΥT

)

1T

)

, (52)

where Υ is an [M × N ] matrix of the ensemble of observed tip velocities V,

Υ ≡
[

V(t1) V(t2) V(t3) · · · V(tN )
]

= Φξ + ηT , (53)

=

q
∑

p=1

(

[Φ](i,p) [ξ](p,n)

)

+ [ηT ](i,n)

ξ ≡
[

ζ(t1) ζ(t2) ζ(t3) · · · ζ(tN )
]

, (54)

and Φ is an [M × q] matrix whose columns represent the chordwise shape of the tip projection of a mode of vibration for

a cantilevered blade. ζ(t) is an [q × 1] vector of time-varying modal amplitudes and η is an [N × M ] matrix of additive

noise. Note that 1 is a [M × 1] vector whose elements are equal to 1. This is included to make the dimensions of the

matrices which compose equation 52 consistent. It will be assumed that the noise is zero-mean, Gaussian and

statistically independent of both ζ (and consequently ξ) and Φ. Furthermore, ζ will be assumed zero

mean (IE ζ(tn)p is sinusoidal with respect to tn). Finally, η is assumed ergodic and IID§along the chord.

Consider the chordwise average of Υ,

1

M

M
∑

i=1

Υ =
1

M

M
∑

i=1

[

q
∑

p=1

(

[Φ](i,p) [ξ](p,n)

)

+ [η](i,n)

]

=

q
∑

p=1

(

1

M

M
∑

i=1

[Φ](i,p)

)

[ξ](p,n) +
1

M

M
∑

i=1

[η](i,n)

=

q
∑

p=1

[µφ](1,p) [ξ](p,n)

1

M

M
∑

i=1

Υ = µφξ (55)

where

[µφ](1,p) ≡
1

M

M
∑

i=1

[Φ](i,p) , (56)

is the chordwise average of the pth mode shape. Note that the chordwise average of Υ yields a vector of dimension

[1 × N ], hence the necessity of pre-multiplying by the [M × 1] vector 1. Using this result, equation 52 can be expressed

as

τ ≡ 1

N

s
∑

n=1

1

M − 1

M
∑

i=1

(Φξ + ηT − 1µφξ) (ξT ΦT + η − ξ
T

µφ
T 1T )

§Independent and Identically Distributed.
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It can be observed that there are 9 terms which contribute to τ , but only 6 are distinct. Three terms are matrix

transposes which upon summation contribute identically to τ as their un-transposed counterparts. The 6 distinct terms

are

1. 1
N

s
∑

n=1

1
M−1

M
∑

i=1

ΦξξT ΦT

2. 1
N

s
∑

n=1

1
M−1

M
∑

i=1

Φξη

3. − 1
N

s
∑

n=1

1
M−1

M
∑

i=1

ΦξξT µφ
T 1T

4. 1
N

s
∑

n=1

1
M−1

M
∑

i=1

ηT η

5. 1
N

s
∑

n=1

1
M−1

M
∑

i=1

ηT ξ
T

µφ
T 1T

6. 1
N

s
∑

n=1

1
M−1

M
∑

i=1

1µφξξ
T

µφ
T 1T

The three non-distinct terms correspond to items 2, 3 and 5. The simplification of each term will now be considered

in the following sections.

Term 1

The first term can be expressed as

1

N

s
∑

n=1

1

M − 1

M
∑

i=1

(

q
∑

p=1

[Φ](i,p) [ξ](p,n) [ξT ](n,p) [ΦT ](p,i)

)

=
1

M − 1

M
∑

i=1

(

q
∑

p=1

[Φ](i,p)

1

N

s
∑

n=1

(

[ξ](p,n) [ξT ](n,p)

)

[ΦT ](p,i)

)

=
1

M − 1

M
∑

i=1

(

q
∑

p=1

[Φ](i,p)

1

N

s
∑

n=1

(

[ξ](p,n) [ξT ](n,p)

)

[ΦT ](p,i)

)

Now, the term 1
N

s
∑

n=1

(

[ξ](p,n) [ξT ](n,p)

)

has diagonal elements which are equal to the mean-squared amplitude of ζ.

The assumption that ζ was zero mean implies that the mean-squared amplitude is equal to the biased estimate of the

variance of ζ. It is assumed that N is sufficiently large such that this bias error is small (IE N − 1 ≈ N).

Now, the formulation used in the definition of τ was such that summation over p extracts the diagonal of this term. As

such, the notation
[

σ2

ζ

]

(p,p)
≡ 1

N

s
∑

n=1

(

[ξ](p,n) [ξT ](n,p)

)

, (57)

will be used. This allows for further simplification,

1

N

s
∑

n=1

1

M − 1

M
∑

i=1

(

q
∑

p=1

[Φ](i,p) [ξ](p,n) [ξT ](n,p) [ΦT ](p,i)

)

=
1

M − 1

M
∑

i=1

(

q
∑

p=1

[Φ](i,p)

[

σ2

ζ

]

(p,p)
[ΦT ](p,i)

)

.
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Expanding the summation over p yields

1

M − 1

M
∑

i=1

{

[Φ](i,1)

[

σ2

ζ

]

(1,1)
[ΦT ](1,i)

}

+

{

[Φ](i,2)

[

σ2

ζ

]

(2,2)
[ΦT ](2,i)

}

+

{

[Φ](i,3)

[

σ2

ζ

]

(3,3)
[ΦT ](3,i)

}

+ . . .

which is equivalent to

[

σ2

ζ

]

(1,1)

{

1

M − 1

M
∑

i=1

[Φ](i,1) [ΦT ](1,i)

}

+
[

σ2

ζ

]

(2,2)

{

1

M − 1

M
∑

i=1

[Φ](i,2) [ΦT ](2,i)

}

+
[

σ2

ζ

]

(3,3)

{

1

M − 1

M
∑

i=1

[Φ](i,3) [ΦT ](3,i)

}

+ . . .

The terms inside the braces can be recognized as

{

1

M − 1

M
∑

i=1

[Φ](i,p) [ΦT ](p,i)

}

=
[

σ2

Φ

]

p
+

M

M − 1
[µφ]

2
p (58)

where
[

σ2

Φ

]

p
is the unbiased estimation of the chordwise variance of the pth mode shape, and [µφ]2p is the square of the

chordwise average of the pth mode shape (cf equation 56). To make the dimensions consistent, it will be assumed that
[

σ2

Φ

]

is a [q × 1] vector. Using this relation,

[

σ2

ζ

]

(1,1)

{

[

σ2

Φ

]

1
+

M

M − 1
[µφ]

2
1

}

+
[

σ2

ζ

]

(2,2)

{

[

σ2

Φ

]

2
+

M

M − 1
[µφ]22

}

+
[

σ2

ζ

]

(3,3)

{

[

σ2

Φ

]

3
+

M

M − 1
[µφ]

2
3

}

,

=

q
∑

p=1

[

σ2

ζ

]

(p,p)

(

(

σ2

Φ

)

(p,1)
+

M

M − 1
[µφ]

2
(p,1)

)

.

Therefore, the first term can be expressed as

1

N

s
∑

n=1

1

M

M
∑

i=1

(

q
∑

p=1

[Φ](i,p) [ξ](p,n) [ξT ](n,p) [ΦT ](p,i)

)

=

q
∑

p=1

[

σ2

ζ

]

(p,p)

(

[

σ2

Φ

]

p
+

M

M − 1
[µφ]2p

)

(59)

It should be noted that equation 59 yields a scalar quantity.
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Term 2

The second term is

1

N

s
∑

n=1

1

M − 1

M
∑

i=1

(

q
∑

p=1

[Φ](i,p) [ξ](p,n)

)

[ηT ](n,i) .

(60)

Expanding the summation over p yields

1

N

s
∑

n=1

1

M − 1

M
∑

i=1

{

[Φ](i,1) [ξ](1,n) + [Φ](i,2) [ξ](2,n) + . . .
}

[ηT ](n,i)

Exchanging the order of summation yields

1

M − 1

M
∑

i=1

{

[Φ](i,1)

(

1

N

s
∑

n=1

[ξ](1,n) [ηT ](n,i)

)

+ [Φ](i,2)

(

1

N

s
∑

n=1

[ξ](2,n) [ηT ](n,i)

)

+ . . .

}

Note that the term 1
N

s
∑

n=1
[ξ](p,n) [ηT ](n,i) is the ensemble expected value of the product of the time-varying modal

amplitude ζ and additive noise η. Recall that the noise η and the modal amplitude ζ were assumed to be statistically

independent. Furthermore, it was assumed that η was zero mean. Therefore, this quantity is zero for all values of p.

Hence,

1

N

s
∑

n=1

1

M − 1

M
∑

i=1

(

q
∑

p=1

[Φ](i,p) [ξ](p,n)

)

[ηT ](n,i) = 0 (61)

Term 3

The third term is

− 1

N

s
∑

n=1

1

M − 1

M
∑

i=1

ΦξξT µφ
T 1T

= − 1

N

s
∑

n=1

1

M − 1

M
∑

i=1

q
∑

p=1

[Φ](i,p) [ξ](p,n) [ξT ](n,p) [µφ
T ](p,1) [1T ]1,i

= − 1

M − 1

M
∑

i=1

q
∑

p=1

[Φ](i,p)

(

1

N

s
∑

n=1

[ξ](p,n) [ξT ](n,p)

)

[µφ
T ](p,1) [1T ]1,i

= − 1

M − 1

M
∑

i=1

q
∑

p=1

[Φ](i,p)

[

σ2

ζ

]

(p,p)
[µφ

T ](p,1)

= −
q
∑

p=1

[

σ2

ζ

]

(p,p)

1

M − 1

M
∑

i=1

[Φ](i,p) [µφ
T ](p,1) [1T ]1,i

= − M

M − 1

q
∑

p=1

[

σ2

ζ

]

(p,p)
[µφ]

2
(p,1) (62)
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Term 4

The fourth term is

1

N

s
∑

n=1

1

M − 1

M
∑

i=1

ηT η

which can be recognized as the ensemble average of the chordwise mean-squared value of the noise, η. This is

equivalent to the chordwise variance of the noise, which, because of the assumption of ergodicity is equal to σ2
η. Thus,

the fifth term is

1

N

s
∑

n=1

1

M − 1

M
∑

i=1

(

[ηT ](i,n) [η](n,i)

)

= σ2
η. (63)

Term 5

The fifth term is

1

N

s
∑

n=1

1

M

M
∑

i=1

ηT ξT µφ
T 1T

= 0 (64)

which can be deduced in a similar manner as that presented for the second term.

Term 6

the sixth term is

1

N

s
∑

n=1

1

M − 1

M
∑

i=1

1µφξξT µφ
T 1T

=
1

N

s
∑

n=1

1

M − 1

M
∑

i=1

(

q
∑

p=1

[1](i,1) [µφ](1,p) [ξ](p,n) [ξT ](n,p) [µφ
T ](p,1) [1T ](1,i)

)

=
1

M − 1

M
∑

i=1

q
∑

p=1

[1](i,1) [µφ](1,p)

(

1

N

s
∑

n=1

[ξ](p,n) [ξT ](n,p)

)

[µφ
T ](p,1) [1T ](1,i)

=
1

M − 1

M
∑

i=1

q
∑

p=1

[1](i,1) [µφ](1,p)

[

σ2

ζ

]

(p,p)
[µφ

T ](p,1) [1T ](1,i)

=
1

M − 1

M
∑

i=1

q
∑

p=1

[

σ2

ζ

]

(p,p)
[1](i,1) [µφ](1,p) [µφ

T ](p,1) [1T ](1,i)

=

q
∑

p=1

[

σ2

ζ

]

(p,p)

1

M − 1

M
∑

i=1

[1](i,1) [µφ](1,p) [µφ
T ](p,1) [1T ](1,i)

=
M

M − 1

q
∑

p=1

[

σ2

ζ

]

(p,p)
[µφ]

2
(p,1) (65)
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Final Simplification

Using equations 59 - 65, the statistic τ can be simplified as

τ ≡ 1

N

s
∑

n=1

1

M

M
∑

i=1

(

Υ− 1

M

M
∑

i=1

Υ

)(

ΥT − 1

M

M
∑

i=1

ΥT

)

=

{

q
∑

p=1

[

σ2

ζ

]

(p,p)

(

[

σ2

Φ

]

p
+

M

M − 1
[µφ]

2
p

)

}

+2

{

− M

M − 1

q
∑

p=1

[

σ2

ζ

]

(p,p)
[µφ]

2
(p,1)

}

+
{

σ2
η

}

+

{

M

M − 1

q
∑

p=1

[

σ2

ζ

]

(p,p)
[µφ]

2
(p,1)

}

=

q
∑

p=1

[

σ2

ζ

]

(p,p)

[

σ2

Φ

]

p
+ σ2

η

= σ2

ζσ2

Φ
+ σ2

η (66)
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